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Abstract. We study the problem 

(-eiV + A(x)) 2 u + V(x)u = e~ 2 (■fa * |u| 2 ) u, 

ugL 2 (R 3 ,C), eVu + i/l«6L 2 (M 3 ,C 3 ), 

where A : R 3 — > R 3 is an exterior magnetic potential, V : R 3 — ¥ R is an exte- 
rior electric potential, and e is a small positive number. If A = and e = h is 
Planck's constant this problem is equivalent to the Schrodinger-Newton equa- 
tions proposed by Penrose in [23] to describe his view that quantum state re- 
duction occurs due to some gravitational effect. We assume that A and V are 
compatible with the action of a group G of linear isometries of R 3 . Then, for 
any given homomorphism t : G — ► S 1 into the unit complex numbers, we show 
that there is a combined effect of the symmetries and the potential V on the 
number of semiclassical solutions u : R 3 — > C which satisfy u(gx) = r(g)u(x) 
for all g € G, x £ R 3 . We also study the concentration behavior of these 
solutions as e — > 0. 

MSC2010: 35Q55, 35Q40, 35J20, 35B06. 

Keywords: Schrodinger-Newton system, nonlocal nonlinearity, electromag- 
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1. Introduction 

The Schrodinger-Newton equations were proposed by Penrose [23j to describe his 
view that quantum state reduction is a phenomenon that occurs because of some 
gravitational influence. They consist of a system of equations obtained by coupling 
together the linear Schrodinger equation of quantum mechanics with the Poisson 
equation from Newtonian mechanics. For a single particle of mass m this system 
has the form 




-£A^ + V{x)ij> + = 0, 
-AC/ + 4ttk|i/>| 2 = 0, 



where ip is the complex wave function, U is the gravitational potential energy, V is a 
given potential, h is Planck's constant, and k :— Gm 2 , G being Newton's constant. 
According to Penrose, the solutions ip of this system are the basic stationary states 
into which a superposition of such states is to decay within a certain timescale, cf. 

[221 EH dl [HI [24] . 
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After rescaling by 



system can be written as 





(1.3) - h 2 A^ + v{ x )$ = 4 ( / r^%^)^ inR3 - 




We shall consider a more general equation having a similar structure, namely 



where A : R 3 — > K 3 is an exterior magnetic potential, i is the imaginary unit and * 
denotes the convolution operator. We are interested in semiclassical states, i.e. in 
solutions of this equation for e — > 0. 

The existence of one solution can be traced back to Lions' paper [15]. In the 
nonmagnetic case A = equation (|1.4|) and related equations have been inves- 
tigated by many authors, see e.g. 0[TOl[ni[Il[Il[ni[IIl[Il[2ni[lSl[ll[IS] 
and the references therein. Recently, Wei and Winter [27] showed the existence 
of positive multibump solutions which concentrate at local minima, local maxima 
or nondegenerate critical points of the potential V as e — > 0. The magnetic case 
A^O was recently studied in [6] where it was shown that equation (|1.4j) has a fam- 
ily of solutions having multiple concentration regions located around the (possibly 
degenerate) minima of V . 

In this paper we consider the situation where A and V are symmetric and we 
look for semiclassical solutions of equation (|1.4|) having specific symmetries. The 
absolute value of the solutions we obtain concentrates at points which need not 
be local extrema, nor nondegenerate critical points of V (in fact, we do not even 
assume that V is differentiable). We state our main results in the following section 
and give some explicit examples. 



2.1. The results. Let G be a closed subgroup of the group 0(3) of linear isometries 
of M 3 , A : M 3 -> M 3 be a ^-function, and V : M 3 -» K be a bounded continuous 
function with inf R 3 V > 0, which satisfy 

(2.1) A{gx) = gA{x) and V(gx)=V(x) for all g € G, x e R 3 . 

Given a continuous homomorphism of groups r : G — > S 1 into the group S 1 of unit 
complex numbers, we look for solutions to the problem 



(1.4) 




2. Statement of results 



(2.2) 




SEMICLASSICAL SOLUTIONS TO A SCHRODINGER-NEWTON SYSTEM 



3 



which satisfy 

(2.3) u(gx) = r{g)u(x) for all g £ G, x € R 3 , 

This implies that the absolute value |u| of u is G-invariant, i.e. 

\u(gx)\ = \u(x)\ for all g e G, x e R 3 , 

whereas the phase of u(gx) is that of u{x) multiplied by r{g). A concrete example 
is given in subsection 12.21 below. 

Note that if u satisfies (12~2")| and ([23]) then e w u satisfies (f!T2")) and ([23)1 for every 
9 GM.. We shall say that u and v are geometrically distinct if e u ^ v for all 9 £ R. 

We introduce some notation. For i £ I 3 , we denote by Gx the G-orbit of x and 
by G x the G-isotropy subgroup of x, i.e. 

Gx := {gx: g e G} , G x := {g € G : gx = x}. 

A subset X of R 3 is G-invariant if Gx C X for every a; € X. The G-orbit space of 
X is the set 

X/G := {Gx : x e X} 

of G-orbits of X with the quotient topology. 

Let #Gx denote the cardinality of Gx, and define 

e G , v := inf (#Gx)V 3/2 (x), 



M T := {a; e R 3 : {#Gx)V 3/2 (x) = £ Gy , G x C kerr} . 

Assumption (|2.ip implies that M T is G-invariant. Observe that the points of M T 
need not be neither local minima nor local maxima of V. 

Given p > we set B p M T := {x e R 3 : dist(a;, M T ) < p}, and write 

(M T /G) 

for the Lustcrnik-Schnirclmann category of M T /G in B p M T /G. 

Finally, we denote by E\ the least energy of a nontrivial solution to problem 



(2.4) 



-Am + u = * u 2 )u, 



We shall prove the following results. 

Theorem 2.1. Assume there exists a > smc/i that the set 
(2.5) {z e R 3 : {#Gx)V 3/2 (x) < l Gy + a} 

is compact. Then, given p,S > 0, there exists e > suc/i t/iat, for every e € (0, e), 
problem (|2.2I) /ias Zeasi 

cat BpMT / G (M T /G) 
geometrically distinct solutions u which satisfy (|2.3[) and 



(2.6) 



< e 5 (5. 
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The last inequality says that the energy of the solutions is arbitrarily close to 
£ 3 (g,vEi for e small enough. So considering different groups G and G' for which 
(■G.v 7^ (-c .v will lead to solutions with energy in disjoint ranges. 

For u e i^Q^R) set 

\\u\\ 2 £ := / (e 2 \Vu\ 2 + u 2 ). 

The following theorem describes the module of the solutions given by Theorem l2.ll 
as e — > 0. 

Theorem 2.2. Letu n be a solution to problem (|2.2[) which satisfies (|2.3[) and (|2.6[) 

/or e = £„ > 0, 8 = 5 n > 0. Assume e n — > and S n — » 0. Then, after passing to a 
subsequence, there exists a sequence (£ n ) in R 3 smc/i that — > £ G M T , = G^, 
and 

where uj^ is the unique ground state of problem 

-Au + V(Ou= (^*u 2 ^ju, ueH^R^R), 

which is positive and radially symmetric with respect to the origin. 

Next, we give an example which illustrates our results. 

2.2. Rotationally invariant potentials. Let S 1 act on R 3 = C x R by e l6 (z, t) :— 
(e l0 z,t), and let A and V satisfy assumption (|2.1|) for the cyclic group G m gener- 
ated by e 27 "/™ ', for some m € N. For example, the standard magnetic poten- 
tial A(x\, X2, X3) :— (—2:2,2:1,0) associated to the constant magnetic field B(x) — 
(0, 0, 2) has this property for every m. 

For each j = 0, 1, . . . , m — 1 we look for solutions to problem (|2.2|) which satisfy 

(2.7) u(e 27ri/m z, t) = e 2 ^ /m u{z, t) for all (z, ijeCxl. 

Solutions of this type arise in a natural way in some problems where the magnetic 
potential is singular and the topology of the domain produces an Aharonov-Bohm 
type effect, cf. [UH]. Taking Tj(g) := gi we see that these are solutions of the type 
furnished by Theorem 12. II 
If V satisfies 

(2.8) V := inf V < liminf V(x) and mVo 3/2 < inf V 3/2 (0, t), 

xgr 3 \x\^oo ten 

then assumption ()2.5|) in Theorem l2.1l is satisfied, ia m .v = rnV^ 2 and M T is simply 
the set of minima of V, 

M= {x e R 3 : V(x) = V } . 

Thus, for each j = 0,1,..., m — 1 and p, 6 > 0, Theorem 12.11 yields at least 
cats M/G m {M/G m ) geometrically distinct solutions to problem (|2.2I) satisfying 
(|2.7p and (|2.6[) . for e small enough. 

For each k dividing m the potentials A and V satify assumption (|2.ip for Gk 
and 1/ satisfies (|2.8[) with fc instead of m. Property ()2.6|) implies that the solutions 
obtained for Gk are different from those for G m if k 7^ m and e is small enough. 



0, 
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This paper is organized as follows. In section[3]we discuss the variational problem 
related to the existence of solutions to problem (|2.2|) satisfying (|2.3|) . We also 
outline the strategy for proving Theorem 12.11 Sections @] and [5] are devoted to 
the construction of an entrance map and a local baryorbit map which will help 
us estimate the Lusternik-Schnirelmann category of a suitable sublevel set of the 
variational functional for e small enough. Finally, in section |6] we prove Theorems 
IQandlO 



3. The variational problem 
Set V £i au := eVu + \Au and consider the real Hilbert space 

H^ A (R 3 , C) := {u 6 L 2 (R 3 , C) : V eA u £ L 2 (R 3 , C 3 )} 
with the scalar product 

(3.1) (u, v) E AV :=Rc (V e , A u ■ V £ , A v + V(x)uv) . 

JR 3 

We write 



(\V s , A u\ 2 + V{x) \u\ 



1/2 

2^ 



for the corresponding norm. 

If U e Hl A (R 3 ,C), then |u| e H^R 3 ^) and 

(3.2) e |V|u(x)|| < |eVu(a;) + LA(a;)u(a;)| for a.c. x e M 3 . 

This is called the diamagnetic inequality [14] , Set 

B(u) := / / 1 V I dxd V- 
J R3 J M 3 \x - y\ 

The standard Hardy-Littlewood-Sobolev inequality [UJ Theorem 4.3] yields 
/(*)%) 



(3-3) 



■ dx dy 



< C|! /II i 6 / s (K 3 ) II ^-11 i 6 / 5 (K 3 ) 

x y\ 

for all f,he L 6/5 (R 3 ), where C is a positive constant independent of / and h. In 
particular, 

(3.4) D(«) < C|M|4 12/5(R3) 

for every u g H\ A {R 3 , C). 

The energy functional J e ,A,v : -^eaC^- 3 !^) R associated to problem (|2.2|) . 
defined by 

: II II 2 1 

2 W U \\ e ,A,V 4£ 2^ 



Je,A,v(u) := o H u La,v - T^ 10 ^)' 



is of class C 2 , and its derivative is given by 

J'e,A.v( u ) v : = (u,v) e A V - -^Re / ( |u| 2 ) ra. 

e JR 3 \ Fl / 

Therefore, the solutions to problem (|2.2I) are the critical points of J e ,A,v- We write 
V e J e ,A,v i u ) f° r l ne gradient of at u with respect to the scalar product (|3.1I) . 

The action of G on ^^(R 3 , C) defined by (g,u) w g , where 

(%)(&) := T{g)u{g~ x x), 
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satisfies 

K' V a)e,A,V = V )s,AV and D W = D ( W ) 

for all g (£ G, u,v H} A (M. 3 , C). Hence, J £ .a.v is G-invariant. By the principle of 
symmetric criticality [HI |5S], the critical points of the restriction of J e .A.v to the 
fixed point space of this G-action, denoted by 

i? e 1 jA (R 3 ,C) T = {u € fl£ A (R 3 ,C) :u g = u) 

= { u e Hl.A^^) : u is x ) = r(g)u(x) y x el 3 , g e G) , 



are the solutions to problem ()2.2|) which satisfy (|2.3j) . Those which are nontrivial 
lie on the Nehari manifold 

K,A,v ■■= {u e ^(R 3 ,^ : u # 0, e 2 |M| 2 A , y = D(n)} , 

which is a G 2 -manifold radially diffeomorphic to the unit sphere in H^: A (M. 3 ,C) T . 
The critical points of the restriction of J £ .a.v to AfJ A v are precisely the nontrivial 
solutions to (|2.2j) which satisfy f|2 . 3|) . 

The radial projection Tr e ,A,v ■ H^ A (R 3 , C) T \ {0} -> Ml A V is given by 

e ||u|| e A v 

(3.5) 7r £ ,A,v(w) := 7=r M - 

Note that 

e 2 Hull 4 

(3.6) J s ,a,v(* S ,a,v(u)) = 'rf' y for all u e ^(K 3 , C) T \ {0}. 

Recall that J £ ,a,v '■ A v ~ * ^ ' s sa fo to satisfy the Palais-Smale condition 
(PS) C at the level c if every sequence (u n ) such that 

U n G -A/^ A)V , J e ,A,y(w„) -> C, ^N; :A:V Je,A,v{u n ) ~> 0, 

contains a convergent subsequence. Here Vjvt •^A.vCu) denotes the orthogonal 
projection of V e J £) A,v(u) onto the tangent space to Ml Av at u. The following 
holds. 

Proposition 3.1. For every e > 0, the functional J e ,A,v ■ a y — > R satisfies 
(PS) C at each level 

c<e 3 min {#Gx)V^ 2 E 1 , 
xei3\{o} 

where := Urahafui^Qo V^(a;). 

Proof. This was proved in [5] for e = 1. For e > the assertion follows after per- 
forming the change of variable u e {x) := u(sx) since a straightforward computation 
shows that 

£~ 3 Js,A,v(u) = Ji,A e ,v e (u e ) and e~ 3/2 V^ A v J e , A ,v (u) = V Wl AetVe Ji,A e ,v e (ue), 
where A £ (x) := ^4(e:r) and 14(a:) := V(ea;). □ 

S 1 acts on A (M. 3 ,C) T by scalar multiplication: (e l6 ,u) i-> e l6l u. The Nehari 
manifold Af£ A v and the functional J £ .a.v are invariant under this action. Two 
solutions of (|2.2p are geometrically distinct iff they lie on different S 1 -orbits. Equi- 
variant Lusternik-Schnirelmann theory yields the following result, see e.g. [7J. 
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Proposition 3.2. If J £ ,A,v ■ Nl A v ~ * ^ satisfies {PS) C at each level c < c, then 
Je,A,v has at least 

cat [(K tAtV n Jl Ay ) /S 1 ] 
critical S 1 -orbits in J\fJ A v D A v . 

Here (A/J^y n Jj^.yVS 1 denotes the S 1 -orbit space of Afg A v H J£ A v , where, 
as usual, J c e A V := {u e H^ A (M. 3 , C) : J s , A ,v{u) < c}. 
To prove Theorem 12.11 we will show that 

(3.7) cat BpMT/G M T /G < cat [(JV£a,v n J E % >F ) /S 1 ] 
for some d = d(e) G (c^ ^ y , e 3 min 2 , eR 3\{o}(#Ga;)F^ 2 i?i), where 

(3.8) c^ )Aj v := inf J E , Al v- 



To obtain inequality (|3.7j) we shall construct maps 

M T /G C/S 1 A B P M T /G, 

whose composition is the inclusion M T /G <->• B p M T /G, where C is a union of 
connected components oi A v ^ av ■ A standard argument then yields 

cat BpMT/G M T /G < cat (C/8 1 ) < cat [(A^a.v n J* A , V ) /S 1 ] . 

The main ingredients for defining these maps are contained in the following two 
sections. 

4. The entrance map 
For any positive real number A we consider the problem 

J — Au + Xu = (|^r * U 2 )U, 
p3 



(4-1) 

v ' \ueH\l 

Its associated energy functional J\ : i/ 1 (M 3 ,R) — > K is given by 

= \ Ml - iD(«), with |M| 2 A :=^ 3 (|V U | 2 + A U 2 ) 

Its Nehari manifold will be denoted by 

M A : = {ii£ ^(R 3 ,^) : u + 0, ||w|| 2 = D(u)| . 



We set 



E x ■= inf Jx(u). 



The critical points of J\ on M.\ are the nontrivial solutions to (I4.ip . Note that it 
solves (I2.4[) if and only if u\{x) := Au(vAa;) solves (|4. 1|) . Therefore, 

Minimizers of J\ on A^a are called ground states. Lieb established in [T3] the 
existence and uniqueness of ground states up to sign and translations. Recently 
Ma and Zhao [17] showed that every positive solution to problem (|4.1[) is radially 
symmetric, and they concluded from this fact that the positive solution to this 
problem is unique up to translations. We denote by u>\ the positive solution to 
problem (|4.1|) which is radially symmetric with respect to the origin. 
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Fix a radial function g £ G°°(R 3 ,R) such that g(x) = 1 if \x\ < \ and g(x) = 
if |x| > 1. For e > set g e {x) := g(y/ex), cu\. £ := g £ uj\ and 

(4-2) V ^M^ 

Note that supp(u A , e ) C B(0, l/y/e) := {x £ M 3 : \x\ < 1/y/e} and V\ >s £ .Ma- An 
easy computation shows that 

(4.3) lim J x (vx,s) = X 3/2 El 

Observe that 

i G v := inf (#Gx)V 3/2 (x) < V 3/2 {0) < oo. 

xeK 3 

We assume from now on that there exists a > such that the set 
[y£R 3 :(#Gy)V^ 2 (y)<i G , v + aj 

is compact. Then 

M G ,v ■= {yeR 3 : {#Gy)V 3 ' 2 (y) = £ G , V } 

is a compact G-invariant set and all G-orbits in M G y are finite. We split M G y ac- 
cording to the orbit type of its elements as follows: we choose subgroups Gi , . . . , G m 
of G such that the isotropy subgroup G x of every point x £ M G y is conjugate to 
precisely one of the G^'s, and we set 

Mi ;= {y £ M G y : G y — gGtg^ 1 for some jGG}. 

Since isotropy subgroups satisfy G gx — gG x g~ x , the sets Mi are G-invariant and, 
since V is continuous, they are closed and pairwise disjoint, and 

M Gy = Mi U • • • U M m . 

Moreover, since 

\G/Gi\ V 3 ' 2 {y) = (#Gy)V 3 / 2 (y) = £ Gy for all y £ M h 

the potential V is constant on each Mi. Here |G/Gi| denotes the index of Gi in G. 
We denote by Vi the value of V on Mi. 

Let Vi_ E :— vvi.e be defined as in (|4. 2[) with A := V^. For £ £ Mi set 

(j)e,d x ) : = ( ) ex P ( 



The proofs of the following two lemmas are similar to those of Lemmas 1 and 2 in 
:i , so we shall omit them. 

Lemma 4.1. Uniformly in £ £ Mi, we have that 

lim e - 3 J £jA , y Ka.v^)] = V; 3/2 £7i, 



where ir e .A,v is as in (|3.5I) . 

It is well known that the map G/Gj — > G£ given by gG^ i— > gt; is a homeomor- 
phism, see e.g. 0. So, if Gi C kerr and £ € M,, then the map 
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is well defined and continuous. Set 

(4.4) ^{x) := £ r{ g ) Vi , s (^) e^K^X 

Lemma 4.2. Assume that Gi C kerr. Then, the following hold: 
(a) For every £ € Afj and e > 0, one has that 

ipe^igx) = r(g)^(x) Vg G G, x G K 3 . 

^ -For every £ € and e > 0, one /ias t/iai 

r( ff )V-e, 95 (x) = 1> e ,&) v -9 R 3 . 

(c) One has that 

lim £~ 3 J e . A . V [?r £t A,v(lpe,£)] = £g,vEx. 

uniformly in £ G M^. 
Let 

M T := {y G M G ,v ■ G y C kerr} = (J M t . 

GiCkerr 

Proposition 4.3. TTie map T £ : M T — > jVJ^ y given by 
is well defined and continuous, and satisfies 

r(g%(gO = V£gM t , s eG. 

Moreover, given d > £qEi, there exists Ed > swc/i </ia< 

£~ 3 (t e (£)) < d V£ G M T! e G (0, £ d ). 

Proof. This follows immediately from Lemma 14.21 □ 

5. A LOCAL BARYORBIT MAP 

Let W : R 3 — > R be a bounded, uniformly continuous function with in£g3 W > 
and such that W(gx) = W(x) for all g € G, x £ R 3 . We assume that the set 

(5.1) [y G R 3 : {#Gy)W 3 ' 2 {y) < £ G . W + a} 

is compact, where £g,w '■— i n f 2 . e R3(#G'a;)Vl /3 / 2 (a;), and consider the real- valued 
problem 

f -e 2 Av + W(x)v = 4r * u 2 ) u, 

( 5 - 2 ) < we^CR 3 ,^, 

[ «(ax) = v(x) Vx el 3 , g e G. 

We write 

(v,w) eW := [ (e 2 Vv-Vw + W{x)vw) , ||«||^ := / (|eVz;| 2 + T4^>; 2 ) , 
and set 

K 1 (1R 3 ,R) G := {v G i/ 1 (R 3 , R) : u(ox) = v{x) Vx G R 3 , g G G}. 
The nontrivial solutions of (|5.2[) are the critical points of the energy functional 

Je,w{v) = \\\v\\l w -^0{V) 
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on the Nehari manifold 

M° w := {v G H^R^Rf :v^0, \\v\\% w = £- 2 D(i;)}. 

Set 

ft? q \ G ■ f t ■ f £2 IMIe.W 

(0.6) cf w ■— mi J e w = mi — -— . — . 

v=£0 

We wish to study the behavior of "minimizing sequences" for the family of prob- 
lems (|5.2p . parametrized by e, as e — > 0. This is described in Proposition 15 .41 below. 
We start with some lemmas. 

Lemma 5.1. < (inf R 3 W) 3 ^ 2 Ei < e~ 3 cf w for every e > 0, and 

limsup£ _3 cf w < £g,wEi, 

Proof. Set Wo := inf R3 W and write v E (x) := v(ex). Then ||w E ||^ o = £~ 3 \\v\\l iWo 
and ID(w E ) = e~ 5 H>(v). If follows immediately from (|5 ,3|) that 

WI I2 E X < cf tWo = £- 3 c« Wo < e~ 3 c^ w . 

To prove the second inequality, take (el 3 such that (#G£)W 3/2 (£) = l G ^ w E\. 
Write G£ := £ m }. Fix < p < |rninj^ |& , and let W p := sup B(5i p) W. 

Let u p , e := vw p ,e be dehned as in (|4.2I) with A := W p . Set 

£ - & 



s=i 

4G 



j=l 

If \fe < p, then supp(iu Pi£ ) C U™ 1 B((i, p). Therefore u> p , e G Mf Wp and 

e ~ 3c ^M/ < £~ 3 Je,w(w P ,s) < £~ 3 J£,Wp(w P ,e) = mJ Wp (v p ^). 
It follows from (j43| that 

limsupe" 3 cf w < mW 3/2 E 1 . 

E-J-0 

Letting p — > 0, we conclude that 

limsupe" 3 ^ < (#G£)W 3 / 2 (£)£i = 4?,^, 

as claimed. □ 

Lemma 5.2. Lei e n > and G R 3 swc/i i/iai £« — > and (W(£n)) converges. 
Set W n (x) :— W(e n x + £„) an d W '■= ^ m n^oaW(^ n ). Then, for every sequence 
(u n ) inH l (R 3 ,R) such that u n ^- u weakly in iJ 1 (R 3 , R) and every w G H 1 (R 3 , M), 
£/ie following hold: 



lim 

n— ► oo 



Jim (||u„|| 2 ^ - K - «|l?,fir B ) = W u \\l,W • 



w 
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Proof. The argument is similar for both equalities. We prove the second one. Since 
(u n ) is bounded in L 2 (R 3 ) there exists C > 2 || it || i2 ( R 3) such that 



< 



n,w„ 

■ 1 2 



u\\ 2 



n»l t W II"" "Hl.W II 
< 0(1) + C (W n - W)U 

L 2 (R3) 

Given e > we fix R > such that 



'H.LVV 



(W ll -T^)(2 Un u- u 2 ) 



U 2 < e\ 



{W n - W) 2 u 2 < (2 sup W) 2 

'\x\>R xER 3 J\x\>R 

Since W is uniformly continuous, there exists d > such that 

|W(e n a; + e„)-W«»)| < £ if N < — . 
Fix n G N such that \W(£ n ) -W\<% and £ > i? if n > n . Then, 
/ (W„ - W 7 ) V < e 2 for all n > n . 

Therefore, 

(W n - W)u 



lim 

n— foo 



L 2 (R 3 ) 



0. 



This concludes the proof. 



□ 



Lemma 5.3. Let (z„) be a sequence in M. N . Then, after passing to a subsequence, 
there exist a closed subgroup T of G and a sequence (£„) in M. N such that 

(a) (dist(Gz„, £ n )) is bounded, 

(b) G Cn I • 

(c) if \G/T\ < oo then \g( n — g£ n \ — > oo for all g,g £ G with gg 1 ^ V, 

(d) i/|G/r| = oo, there exists a closed subgroup V of G such thatT C T' , |G/r'| 
x and \gCn — (jCn\ ~* 00 f or a ^ 9i9 G G u>z£/i ffi?" 1 ^ T'. 

Proof. See Lemma 3.2 in [5]. □ 
Set 

M G ,w := {l/el 3 : {#Gy)W z / 2 (y) = i G . w ) 

Abusing notation we write again G.; and Mi for the groups and the sets defined as 
in Section [4] but now for W instead of V. So the value of W on Mi is constant and 
we denote it by W{ . We fix p > such that 

( ka\ \y-gy\>2p if gy^y£M G ,w, 

1 > dist(M l ,M i ) > 2p if i ^ j, 

For p £ (0,(5), let 

A/f := {y G K 3 : dist(y, Mf) < p, G y = gG l g~ 1 for some g £ G}, 



and for each £ G Mf and e > 0, define 

:= I] w. 
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where un is unique positive ground state of problem (|4.1[) with A := Wi which is 
radially symmetric with respect to the origin. Set 

6 P , £ := {6 e>6 : £ G M{ U • • • U M£}. 

The following holds. 

Proposition 5.4. Let s n > and v n e £f 1 (]R 3 ,R) G be such that 

(5.5) £„ -> 0, £~ 3 J e „, W (u„) -> C, £ ? 7 3 ||V e „ J e „,w(Wn)l!e„ :W °' 

where c := liminfe^o £ _3 c^ W / and V £n J e „,iy is f*e gradient of J en ,w with respect 

to the scalar product (■, -) e w ■ Then, passing to a subsequence, there exist an i € 

{1, ...,m} and a sequence (£„) in R 3 smc/i that 

(i) G £n =G i: 

(it) -> £ e M i; 

fmj ^ 3 |||w„|-f e „, S J|^ >VF ^0, 

^ c= lim e ^ e~ 3 c^ = ^G.w-Ex- 

Proof. A standard argument shows that the sequence (s„ H^nHf yp) ^ s bounded 
and that 

lim £~ 3 |K||L, vi/ = 1™ ^ 5 B(v n ) = 4£=: c> 0. 
Let w„ e H 1 (R 3 ,R) G be given by u„(«) := v n (e n z). Then, 

ll*>n|ll,W„ = e ~ 3 |KllLw and ^(Wn) = £ n 5]D) (Vn), 

where W n (z) :— W(e n z). Set 

|2 



5 := lim sup sup / \v n 

n->oc yeM 3 JB(y,l) 

Since c > 0, Lions' lemma [28j Lemma 1.21], together with inequality (|3.4[) . yields 
that (5 > 0. Choose z„ € R 3 such that 

,~ ,2 ^ * 
Kl > -X 
B(z„,l) L 

and replace (z n ) by a sequence (£ n ) having the properties stated in Lemma l5.3l Set 
v n {z) := v n (z + ( n ). After passing to a subsequence, we may assume that v n v 
weakly in iJ 1 (R 3 , R), v n (x) -> v(x) a.e. on R 3 and v n -> u in Z^ oc (R 3 , R). Choosing 
C > dist(£„, Gz n ) for all n, we obtain 

2 f 2 f 2 ^ 

V n \ = / uj > / \v n \ > -■ 



B(0,C+1) JB(C„.C+1) JB(z n ,l) 2 

Therefore, u 7^ 0. 

Set £ n := e„Cn and W n {x) := W(e n x + £„). Since is bounded, a subsequence 
of converges. We set W := lim^oo W(£ n ). The weak continuity of W [3J 

Lemma 3.5], together with Lemma \b. 2 1 and assumption (|5.5|) imply that w is a so- 
lution to problem (|4.1j) with A := W. 

Since i;„ and are G-invariant we have that v n (g x) — v n (s n x+g£ n ), W n (g x) — 
W(e n x + g£ n ), and W := lim^^ W(g£ n ) for each g e G. Fix g 1: ...,g k £ G such 
that \giCn - gj£ n \ -> 00 if i ^ j. Then, 

k 

(5-6) VngJ 1 - % l rl (' ~ 9iCn + gjCn) vgj 1 

i=j+l 
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weakly in H 1 (M 3 , R). Applying Lemma T5. 2 1 we obtain 

2 



i=j+l 



Vn9j ' ~ vg 3 1 - E % 1 (■ - 3iCn + 9jCn) 

l=j+l 



\ v 9 



3 \\l,W 



0(1), 



and performing the change of variable y = e n x + gj£ n we conclude that 

2 



E vgr 1 
i=j+l 



V n ~ E% 7 



9i£.r, 



9i&, 



2 



e n ,W 



0(1). 



Iterating these equalities we conclude that 



4c = lim e n \\v n \\ w = lim e~ 

n— >oo ' n— >oo 



E k 1 ( • - 9i£n\ 



k\\m 



W ' 



e„,W 



This implies that 4c > fc ||^"|| i w which, together with property (d) in Lemma l5.3[ 
implies |G/r| < oo. Property (cj allows us to take k := |G/r|. Then, property (b) 
and Lemma 1 5 . 1 1 yield 

Ig.wEi < lim (#G^)W 3 / 2 (e„) J B 1 = \G/T\W 3 ' 2 E 1 

n— >oo 

< \G/T\ \ }\v\\l^ < c < limsupe- 3 c^ w < ^ W E X . 



This proves (iv) and gives also 
(5.7) lim e~ 3 



E k -1 ( ' 5i£ri 
i=l 



0. 



e n ,W 



Moreover, (#G£ n )W 3 / 2 (£ n ) < l G . w + & for n large enough. Thus, assumption (|2.5p 
implies, after passing to a subsequence, that £ n — > £. Hence, = T 7 ^ and 

W < OfG^WiOEx < \G/T\W 3 ' 2 E l < \G/T\ \ \\v\\\^ < l G , w E x . 

We conclude that £ € Mj for some z = 1, m, as claimed in (ii). Then, W = Wi, 
r = = gGig^ 1 for some g € G, and u is a ground state of problem (|4.ip with 

a ir,. 

Since the ground state is unique up to sign and translation we must have that 
v(z) = ±oij(z — z ) for some Zq £ M 3 . Observe that v is T-invariant. So, if T is 
nontrivial, then z — and, since Wj is radial, equation (|5.7p becomes (Hi). If, on the 
other hand, T is the trivial group, we replace £„ by £^ := + £„zo- Since G£„ = G 
and £„ — > 0, £^ has the same properties as for n large enough. Moreover, since 
u>i is radially symmetric, 



g z -£„ 



•r 1 * - e; 



2 - gCn 
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and, again, equation (|5.7|) yields (in). This completes the proof. □ 

Proposition 5.5. Given p € (0, p) there exist d p > (g,wEi and e p > with the 
following property: For every e € (0,e p ) and every v € -M^ w with J £: w( v ) < £ 3 d p 
there exists precisely one G-orbit Gt; £ , v with £ e ,„ 6 Aff U • • • U M£ such that 

£~ 3 \\\v\ ~ = e min^ || |v| - w . 

Proof. The proof is analogous to that of Proposition 5.3 in [4]. We omit the details. 

□ 



Fix p € (0, p) and e £ (0,e p ). Proposition 15.51 allows us to define a map 

(5.8) (3 p ^o : A4^> H jf^ — ► (M^ U ■ ■ • U M&) /G 

by taking 

3p, e ,o(u) := G£ £i ,,. 

Here, as usual, ^ := {« € iJ 1 (R 3 ,R) : J e ,w{v) < c}. The map /3 P , e ,o is the G- 
equivariant analogon to the usual baricenter map. It is only defined for functions in 
Mf w with small enough energy. We call it the local baryorbit map. It reflects the 
fact that such functions concentrate at a unique G-orbit with minimal cardinality 
as e — > 0. 

6. Proofs of the main results 
Let Voa := liminf^i^oo V(x). Assumption (|2.5[) implies that 
lay < min {#Gx)V^ 2 . 

zGR 3 \{0} 

We fix S > and A e (0, Voo) such that 

(6.1) £ G v^i+(5 < min (#Gx)A 3/2 £i < min {SGx)V^ 2 Ex, 

xeK3\{o} zeR 3 \{o} 

and define W(x) := mm{V(x), A}. This has all properties stated in section[5j in 
particular, it is uniformly continuous. Moreover, £g,w — ^G,v and Mg,w — Mg,v- 
Let TT £yW : H 1 (M. 3 ,R) G \ {0} -> Alf^ denote the radial projection onto the 
Nehari manifold, which is given by 

(6.2) v e ,w(v) 
Observe that 

2 II m4 

(6.3) Je,w(*e,w(v)) = E I f forall U e J ff 1 (R 3 ,R) G \{0}. 

4D(v) 



Let T e be the map defined in Proposition 14.31 and /3 p , 6 ,o be as in (|5.8|) . Then, for 
dp > £g,vEi and e p > as in Proposition 15.51 the following holds. 

Proposition 6.1. For each p 6 (0,p) and e £ (0,e p ), the map 

P P ,e ■ K,A,v H <1V "> U • • • U M£) /G, £ p , e (u) := ^(Tr^dttD), 
is well defined and continuous and satisfies 
(i) Pp^u) = % fi (u) for all 7 G S 1 , 

W &,, e fe(0) = GC V aZZ £ € M T with J £ , A ,v(U0) < £%• 
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Proof. Hue Nl A . v then |u| e H^R 3 , R) G \ {0} and, since W < V, formulas (jO]) 
and (|3.6[) . together with the diamagnetic inequality (|3.2p yield 



(6-4) Je,M/(7Te,w(|u|)) < J e ,v(^e,V (\u\)) < J e ,A,v{u). 

So J e ,w{' n 'e,w(\' u \)) — £3 d P if J £ ,a,v(u) < s 3 d p . Therefore, [3 p . e is well defined. It is 
straightforward to verify that it has the desired properties. □ 

Let 

MP := U Ml. 

GiCkcr t 

Propositions 14.31 and 16. II allow us to estimate the Lusternik-Schnirelmann category 
of low energy sublevel sets as follows. 

Corollary 6.2. For every p e (0,/S) and d G (£GyEi,d p ) there exists e p ,d > 
such that 

c ^M?/G M r/G < Cat (y^lA,V 

for every e e (0,e Pid ). 

Proof. Set e p .d '■= miri{sd, £ P } where Ed is as in Proposition 14.31 Fix e e (0,e p .d). 
Then, 

Je,A,v(M0) < ? 3 d and pp, e (T e (0) = t for all £ € M T . 
Since Mf , are G-invariant and pairwise disjoint, the set 

C-.= {ue Nl Ay n jfXv ■■ e M£/G} 

is a union of connected components of Nff A v fl jf_ A ,v Therefore, 

cat (C/S 1 ) < cat ((K,A,v n J !*A,v)/^ 

By Propositions 14.31 and 16. 1[ the maps 

M T /G C/S 1 ^4 M£/G, 

given by i £ (G£) := and /^(S 1 ^) := (3 p . e (u), are well defined and satisfy 

^ £ ( i£ (£)) = £ for all £ G M T . Therefore, 

cat M p /G M r /G < cat (C/S 1 ) . 

This finishes the proof. □ 

Another consequence of our previous results is the following. 

Corollary 6.3. If there exists (el 3 such that (#G£)F 3 / 2 (£) = £cy and G e C 
kerr, then 

lim e~ 3 c T E Av = £a,vEi, 

€—>0O 

where c T eAV := inf^vj^ y J £ , Ay- 
Proof. Inequality ([631) yields cf w := inf^c^ J SjW < inf/V^ tV J e,A,v =■ c r e A v . 
By Proposition 15.41 and Lemma W3i c). 

£g wE\ = lim e~ 3 cf w < lim inf e 3 c T e A v < lim sup e~ 3 c T e A v < £ G yE\. 
Since £g,wE\ = £g,vEi, our claim follows. □ 
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Proof of Theorem 12.11 Let p, 5 > be given. We may assume that p £ (0, p) 
with p as in (|5.4|) and that S E (0,Sq) with So as in (16. ip . By Corollary 16.31 there 
exists eg > such that 



Ei - S < e 3 c T e A V for all e e (0, eg). 



Fix d G (£g,vEi, mm{dp,£G,vEi + <5}) and set e := min{es,£ P ,d} with as 



AT 



e.A.y 



Corollary 16.21 Since (16.11) holds, Proposition 13.11 asserts that J e ,A,V 
satishes {PS) C for every c < e 3 d. Applying Proposition 13.21 and Corollary 16.21 we 
conclude that J e av has at least 



cat 



Mf/G 



M T /G 



geometrically distinct solutions u £ & v satisfying 



e 3 i G V E 1 - e 3 S <J eAV {u) = — < e 3 d < e 3 £ G V E X + s 3 5, 
for each e £ (0, e), as claimed. 



□ 



Proof of Theorem 12.21 After passing to a subsequence, we may assume that 



t G ,vE x - ^ < s~ 3 c^ w and 5 n < h- Then > inequality (E3) yields 



(6.5) cf niW < Je n ,w(ne n ,w (\u n \)) < Je n ,A,v(u n ) < e 3 n {i G Ei+5 n ) < cf njW +e 3 Jn. 

By Ekeland's variational principle [551 Theorem 8.5] we may choose v n £ Aif w 
such that 



(6.6) 



£ n 3 lke„,W (\Un\) ~ «n|| 



->o, 



£n 3 4,wK)^fc£i and £„ 3 ||V £ „ J £ „,wK)llL , w ~> °- 
After passing again to a subsequence, Proposition 15.41 gives a sequence (£„) in 
such that — > £ g M r , = Gj, and 

2 



(6.7) 



S £„eG£„ V £ 



o. 



e„,W 



Since u„ G A/"J n>A ^, multiplying inequality by 4e£ [B(|w„|)] 1 = 4e£ [D(u„)] 1 

[^E^AyK)] 1 j using (|6.3[) and (I3.6|) . and observing that £~ 3 J e „,A,v(w„) - 
we get 



;£i, 



1 - 



£ »ll He„,W 



£ n\\ u n\\ en A.V 



< (e- 3 J f 



e„,A 



U n ) J 1 

,v(u n j) 1 ~ 



£ n\\ \ u n\ \\e n ,W 
D(|Un|) 



0. 



Recalling 



and using the diamagnetic inequality (|3.2[) . we then obtain 



--3| 



Ke n ,W (Kl) \\l niW 



Cn\\ \Un\ \\e n ,W 



< 



1 - 



£n\\ \u n \ \\e n ,W 



l n\ \\c n ,W 



4£ n 3 J EniAiV (tt n ) -> 0. 
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Finally, combining (|6.6p . f|6 . T[) . and (|6.8j) we conclude that 

2 



Since < C|| 

w ^ r some constant independent of e, our claim follows. D 
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